
D Heegaard diagrams and knot

there are several ways to represent a knot K in a

Heegaard diagram

① Doubly pointed diagram
② Diagram (Ig, , -- . Eg , Bi - - - Pg) for Y-nbhd(k)

① consider

Des

this is a knot is S

⑨"
now I take an arch , on I connecting points

and disjoint from the red

push its interior below [
1ie into red handlebody)

② take an arc an on I connecting points
and disjoint from theblue

push its interior above [

(ie into blue handlebody

Sivd a knot !



①
↓

⑮ left handed trefoil !

lemma6 :

any knot K
< Y can be represented by

a doubly pointed Heegaard diagram for Y

Proof : given Ki

let Yp = FN(K) where N(K) is abld of K

=
in

define a function f :T -> I by

-

⑳



now extend f to the interior of Y so
K

the interior maps to 10 , 1)

approximate+ by a Morse function (without changing
on the boundary

so we are thinking of Y, as a cobordism of

manifolds with boundary
2 Yk = At Gr*k

= Zannuli

we know we can assume Y has a handlebody
structure with O or 3-handles

and all I-handles come before 2-handles

i fw

A-

so the "Heegaard" surface is a surface of

genus with⑰ 2 boundary compts

now lets put back N(K) o-handles

note : ~11: _) ) hands



we write it this way because we think

of 2 of 1:handles as Fr Yk

no : they are attached to Y.

along Gu Y
= 2 annuli

so they are attached to Y

p as

2-handles

When we attach these to YK we

change YK from

Ex [0. 1]) v (6
,
2-handles attached to [xhol)

vl (1)

to

Y = Ex 10 . 1) v (6
,
2-handles attached to [xhol)

u(-+ (1)

whereE = z v 2. disks to cap off boundary

note : Y' = Y-223-balls)

and weget I from i' by gloing
ino-handles from N(K)

one of these is a O-handle for Y

the other is a 3-handle

now
,
Where is K ?

K is the core of N(K) so it intersects

E in 2 points



we can push the part of K in the upper
handlebody on to E so it is disjoint
from Bis

similarly for the part in the lower
handle body

this is exactly the description of K in the
construction above !

# by construction K = union ofgradient
flowlines through
the 2 points !

#

We know the doubly pointed diagrams exist, but how

to find then for knots in S3 ?

We start with an example :

consider

0
not a neighborhood ofmisis a handlebody
Inbhd of any graph is

!)



-

·
inboundary
-

T
surface ofyears 2

· loo
attacking spheres
of $ 2-handles
describes H

Claim : 3"- It is a handlebody H'

note I is isotopic to I' -

the red show It' is

a handle body Do
:T



track the red curves as you push I'up to I

1
&

⑨

O
Mili
so on I we see

Do



this describes a Heegaard splitting of S
exercise : Check this.

exercise : Show the 2 points below describe K

Dog
note :

D
we can now slide handles

og
/



↓ isotopy

Hg"To

T
in general , any hot can be put in "bridge position"

that is

11 ... 1
~ nomaxma/mninas

k =A *
&

VV ...

-
then a nbhd of F :S

B is a handlebody
and one can use

VV ... v above procedure
to build doubly
pointed diagram
for K



exercise :

compute doubly pointed diagram for

"D =
"
3) [ ,

2n+1) forus Gnot

G untwist

#int : all fit on agenus 1 Heegaarddiagram
4) try a 3-bridge knot

5) any knot 17 <33 of the form

Ds
:!

18. disjoint arcs Inas"



L

"Bio sh

5 k = V la
,
with interior pushed down)

o Ulpi -- up)

(another way to say K is an n-bridgeKnot

so we haveapointed" diagram for K

Show how to stabilize Heegaard diagram to

get a 2-pointed diagram for K.

② 2 way todescribe anot
is by a Heegaard diagena se

note : JYK = T so we can take a Morse function

f : Y -> 0 . 1]

St f + (1) = Th

from this weget a Handlebody and we can

assume there are no 3-handles and

just oneo-handle

thus Yk is described by a Heegaard diagram
12g ,4, ... agb,

&B, --- , Bg - ,
))

moreover there is a curve By on J (and

therefore on Eg disjoint from B - --Bg-

that corresponds to the meridian of K



if you attach a I-handle to By too

you get Y

also note there of a curve d on GTK and

↓ on Eg disjoint from B.....,Bg- ,
but

intersectingby one time

that corresponds to a framing curre
for K

example : we can use the procedure above to find

such a Heegaard diagram
recall for

-
we had the Heegaard surface I

-
-

surface ofyears 2

·
-

Doo
attacking spheres
of $ 2-handles
describes H



Aote: Be is a meridian for K

So Heegaard diagram for Si is9

D
and the meridian and a longitude are

D
exercise : 1 Show that for the right handed trefoil you get

e



2) show R-framed surgery on the right handed trefoil is

d
for some n

,
determinen i terms of R

3) use Heegaard diagram above to see

6 surgery on righthanded trefoil is (13.
1)#L(21)

-m ((5
,

1)

-- ((7, 3)

om T- bundle over s

exercise :

1) draw a diagram for the complement of the figure O Knot

C
(

2)

Show3yay on the figure+
contains an incompressible torrs

O- is a Th bundle over s

#t : I don't know how hard theseare !

Here is another way toget a Heegaard diagram for "s when T=S

start with a knot diagram :

⑳



create agraph 6 that is Ku arcs at crossings

-
let H = nbhd of G clearly a handlebody
Klaim : 5 a handlebody

note -=
and we

·

Hisent
cutting complement ofI along disks gives B

:. S
3
- I a handlebody and we know

compressing disks (ee.

3 curves)

what are compressing dishs for H ?
at each crossing have

·o = :

compressing along these gives S'xD
now compress along meridian to get

B



so we have

for
and for S"-nbhd (k)

⑳
just remove the meridian

a doubly pointed diagram for K is

z

⑳
-easie : is find the longitude on JSi

2) find Heegaard diagrams various
surgeries on K and compair to

diagrams created above
3) Simplify this diagram to the one created

above
.

exenise :

1) given a doublypointed diagram for K find a diagram for
The complement of K
Hint : Stabilize



2) go the other way, 2.2. given a diagram for Y draw a doubly pointed

diagram for Yk

3) if K site on a Heegaard diagram for Yshow how to
find a diagram for Tk
e.g . for the right handed trefoil we have

⑨
E

.
Fibered Enots (this section is based on work of Gabai)

We would like to understand the following :

given . 3-manifold

· a link LCY

· a connected surface [CY St. I=L

is there a fibration

i :(-1)+ s

St
.

[ is a fiber ?

recall
,

a surtured 3-manifold is a cobordism M

of surfaces with boundary such that
JuM is a product G-Mx [0 ,

17



note : Orm is a mios of annoli call

let M = U core circles in theunnuli

the circles are called sutures

so 2
,
M = nbhd of M

↑ determines JvM and mostly GM so we denote

the sufured manifold by (M,
r)

2+
M

&
examples : 2 - M

let I be a surface with boundary
M = [X90 , 13 is a suturedmanifold

2M = [x(1)

2 m= [x(0)

-M = 22 x90 . 1] t↑ = 22x( " ) I
This is called a product sutured manifold



we call a properly embedded disk D" c (M
. r)

·productdisk if JD intersects ↑ transmensly
and 2D21P = 2 points

note : given such a disk weget a new sutured

manifold (Mir)
Ot x* +2

=·
&

2- 2c1
note : in GM' there are I copies of D? call them

De and Da 1 M = arc

write (
,
r) i (ir'

lemma 7 :

If (M. M)E Min and D is a product disk
Then

(Mir) a product suturedmanifold
=

( , 5') a product suturedmanifold

Proof : (E) if M = [x0
. 1)

,
note De <G,

M = 2[x 90 , 17



and lafte isotopy) can assume D = EXC0 , 1]

where It
,
I are disjoint intervals

get M from M by going D
+
to D

-

and we
~

can do this preserving the product str !

L=#
#

=> of M = Ex [0. 1]
,

then a product disk can

be isotoped so D2= (x 90 ,
17 where can are in I

to see this note we can make D transverse

to [xit) for all but finitely many

and at these +here a critical point of projection

[x[0. 1)-> 20,
1) restricted to D

·
exercise :
Show
bounds a ball

he
.
[x 10, 1) is irreducible)

use ball to isotop to remove 2 critical



points
when there are no critical points easy to

isotop D to (X(0. 1) as claimed
-

now
,given D

= <x [0. 1] we see

m = (2(c)x(0 , 1]
#

above we mentioned irreducible

a 3-manifoldM is irreducible if any embedded

sphere S'cM bounds a ball in M

exercise :

1) D C M properly embedded disk
then
Mirreducible
#

MD irreducible

2) [x 10 . 1] is irreducible

3) knot complements in 33 are irreducible

lemma D :

if (M
.M

.) irreducible
,
&M = S ? and I connected

then MEDx 50 , 1) and n. isotopic to GDx(*2)

Proof : irreducible => M =B3 = D2x [0
,
17

and any I curves on SEJB are isotopic



ThM9 :

(Mir) an irreducible suturedmanifold

(,N) is a product sufuredmanifold
#

= a sequence

Minis sep... (Maita
where each Di is a productdisk and

2Mr = Union of S2g and U = one circele in
k
each S2

Proof : clear from lemmas 7 & 8 and exercise

that MirreducibleE) MLD"irreducible
we say (i) is disk decomposable if I a sequence of

product disks in Mr) that cut(i) to (m.Pm) as
in theorem so the says ( . 5) disk decomposable
ift (ir) a productsafened mfd.

now
,given LCY and [cY a surface with 22-Y

we can consider Y = Y- N/L) NKl= nbldL

and [cY (actually [1 = [)

Y-L fibered ED Y
, fibered

note : a nbhd of [CYc is N(z) = [+ (3
,
9)

let Yz = Ya - N(l)



i
2N(z) = -[

-

vI
+ v(2x(3,2))

so wYe = 5
_v-[vPMment-

of L

soit is a sutured manifold

with sutures ↑ a circle in each annolis

of GN() - (2[x( &
,
2))

The 10 :

↳berwithbeignposabl
Proof : almost imediate from above

erense #

we say LcY is disk decomposable if Ye is

now we want to determine it a link in
3
is fibered

so we need to see if the complement of a surface

in s is disk decomposable

to do this we observe what happens when cutting on

a product disk



(f)
Mist

1-T -F ->

L

I

-L·
mis complemen

examples :

1) 5
outside

& ... D a product
dish

-

-.....

Dr a product

D
disk

&
so Ex

is fibered



D
D' a product disk

D
D2 a product disk

* D so link fibered

If K = 22 in Y and <cl a properly embedded
arc the a I stabilization of I along
is + stab for-stab

↓

-

/a -as
-



lemmal) :

if 22 fibered then 22c :
Fibered

Proof :

anbud of

[is
and its complement is dish decomposable

a ubhd of [c
+

" commen
det dish

*
now use disks form it

a braid is a bunch of strands moving from left to right
-

-t
-

we let of be E and o"bet1T
-



--concatenate
14

any braid is a productofo
the closure of a braid is

=

/⑪==
and is denoted 5

a braid is homogeneous if each o occurs as 0
%0

-/

but
you do not have o and

"

example,=oo,

"

No,

"

-
-

S

1

* = CB -=
Y

-

-
-

- Stallings using differentmethods
lemmal2 :

closures of homogeneous braids are fibered

Proof : we first construct a nice Seifert surface

for
for each strand in braidwe take a disk



for each oor "add a bandI
eg

#genrst surface

#
now a able ofeach disk is

-
=il

-
=il

-
=il

and each band adds

i



now consider the region between i and it sheet

--
so a ubled is

-⑭
set

product dis

when wecet along disks the region between
the 2 and its disk becomes

--------O-
so if we cut along all such disks wegeta union of

product B3's :-* is fibered ! #


